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Learning Objective

◦ Log-linearization around the steady state

◦ New Keynesian model
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Log-linearization

Xt = X

(
Xt
X

)
= Xeln(Xt/X) = XelnXt−lnX

Taking a first order Taylor approximation around the steady state yields

XelnXt−lnX ≈ Xe0 +Xe0
[
(lnXt − lnX)− 0

]
≈ X(1 + lnXt − lnX)

Therefore,

Xt ≈ X(1 + lnXt − lnX)

By the same logic,

XtYt ≈ X(1 + lnXt − lnX)Y (1 + lnYt − lnY )

≈ XY (1 + lnXt − lnX + lnYt − lnY ) ∵ (lnXt − lnX)(lnYt − lnY ) ≈ 0
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Household UMP

max
{{Ct(i)}i∈[0,1], Nt, Bt+1}∞t=0

E0

∞∑
t=0

βt
[
C1−γ
t

1− γ −
N1+φ
t

1 + φ

]

s.t.

∫ 1

0

Pt(i)Ct(i)di+QtBt+1 = WtNt +Bt + Tt

Ct =

(∫ 1

0

Ct(i)
ε−1
ε di

) ε
ε−1
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Dixit Stiglitz Utility Function

max
{C(i)}i∈[0,1]

(∫ 1

0

C(i)
ε−1
ε di

) ε
ε−1

s.t.

∫ 1

0

p(i)C(i)di ≤ X

FOCs are given by

ε

ε− 1

(∫ 1

0

C(i)
ε−1
ε di

) 1
ε−1 ε− 1

ε
C(j)−

1
ε − λp(j) = 0 ∀ j ∈ [0, 1] (1)∫ 1

0

P (i)C(i)di = X (2)

(
C(j)

C(k)

) 1
ε

=
P (k)

P (j)
⇒ C(j) =

(
P (k)

P (j)

)ε
C(k)
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Dixit Stiglitz Utility Function

X =

∫ 1

0

P (i)C(i)di =

∫ 1

0

(
P (i)

(
P (k)

P (i)

)ε
C(k)

)
di = C(k)P (k)ε

∫ 1

0

P (i)1−εdi

C =

(∫ 1

0

C(i)
ε−1
ε di

) ε
ε−1

=

(∫ 1

0

{(
P (k)

P (i)

)ε
C(k)

} ε−1
ε

di

) ε
ε−1

= C(k)P (k)ε
(∫ 1

0

P (i)1−εdi

) ε
ε−1

Let P :=
(∫ 1

0
P (i)1−εdi

) −1
ε−1

. Then PC = X.

C(k) =
P (k)−ε∫ 1

0
P (i)1−εdi

X =
P (k)−ε

P 1−ε X =

(
P (k)

P

)−ε
X

P
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Household UMP

max
{Ct, Nt, Bt+1}∞t=0

E0

∞∑
t=0

βt
[
C1−γ
t

1− γ −
N1+φ
t

1 + φ

]
s.t. PtCt +QtBt+1 = WtNt +Bt + Tt

Ct =

(∫ 1

0

Ct(i)
ε−1
ε di

) ε
ε−1

where Ct(i) =

(
Pt(i)

Pt

)−ε
Ct and Pt =

(∫ 1

0

Pt(i)
1−εdi

) −1
ε−1

C−γt = λtPt (FOC w.r.t. Ct)

−Nφ
t = λtWt (FOC w.r.t. Nt)

λtQt = βEt[λt+1] (FOC w.r.t. Bt+1)
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Household UMP

Nφ
t

C−γt︸ ︷︷ ︸
MRSt

=
Wt

Pt
(Consumption-Leisure)

C−γt
Qt
Pt

= βEt
[
C−γt+1

1

Pt+1

]
(Euler equation)

wt − pt = φnt + γct

1 = Et
[
e−ρ−γ(ct+1−ct)−πt+1+it

]
− lnQt = ln

(
1

Qt
− 1 + 1

)
≈ 1

Qt
− 1 = it (Nominal interest rate)

− lnβ = ln

(
1

β
− 1 + 1

)
≈ 1

β
− 1 = ρ (Utility discount factor)

lnPt+1 − lnPt = ∆ lnPt = πt+1 (Inflation rate)
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Log-linearization and IS Curve

1 = Et
[
e−ρ−γ(ct+1−ct)−πt+1+it

]
(gC,t+1 = ct+1 − ct)

≈ Et
[
e0 + e0[it − i]− e0[πt+1 − π]− e0γ[(ct+1 − ct)− gC ]

]
(Approx. around SS)

ct = Et[ct+1]− 1

γ

(
it − Et[πt+1]− ρ

)
(At SS, ρ = i− π − gC)

yt = Et[yt+1]− 1

γ

(
it − Et[πt+1]− ρ

)
(in equilibrium)

yt − ynt︸ ︷︷ ︸
ỹt

= Et[yt+1 − ynt+1︸ ︷︷ ︸
=ỹt+1

]− 1

γ

(
it − Et[πt+1]−

{
ρ+ γEt[ynt+1 − ynt ]︸ ︷︷ ︸

=rnt

})
(IS curve)

Qt
Pt
Rt =

1

Pt+1
⇔ rt = − lnQt︸ ︷︷ ︸

=it

− (lnPt+1 − lnPt)︸ ︷︷ ︸
πt+1

ct = Et[ct+1]− 1

γ

(
it − Et[πt+1]− ρ

)
⇔ rt = ρ+ γEt[yt+1 − yt] (in equilibrium)
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Firm

Production function of a monopolist for good i is given by

Yt(i) = AtNf,t(i)
1−α

Taking Pt and Ct as given, a monopolist for good i faces the following demand curve

Dt(P ) =

(
P

Pt

)−ε
Ct

Note here that

D′t(P ) = −εDt(P )

P
⇔ Dt(P )

D′t(P )
= −P

ε

Taking Wt as given, a monopolist for good i faces the following nominal cost of producing Yt(i)

κt
(
Yt(i)

)
= Wt

(
Yt(i)

At

) 1
1−α

Real cost is given by

Kt

(
Yt(i)

)
=
Wt

Pt

(
Yt(i)

At

) 1
1−α

and K′t

(
Yt(i)

)
=
Wt

Pt

1

1− α

(
Yt(i)

α

At

) 1
1−α
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Optimal Price Setting with Calvo Fairy

With probability 1− θ, a firm is tapped by Calvo fairy in a given period. With probability θ, a firm

must use its previous price.

P ∗t = argmax
P

∞∑
k=0

θkEt
[
Mt,t+k

{
P ×Dt+k(P )− κt

(
Dt+k(P )

)} ]
where Mt,t+k = βk

(
Ct+k
Ct

)−γ
Pt
Pt+k

Let M := ε
ε−1

. Then FOC is given by

∞∑
k=0

θkEt
[
Mt,t+k

{
Dt+k(P ∗t ) + P ∗t D

′
t+k(P ∗t )− κ′+k

(
Dt+k(P ∗t )

)
D′t+k(P ∗t )

} ]
= 0

∞∑
k=0

θkEt
[
Mt,t+kDt+k(P ∗t )

{
1 + P ∗t

D′t+k(P ∗t )

Dt+k(P ∗t )
− κ′t+k

(
Dt+k(P ∗t )

)D′t+k(P ∗t )

Dt+k(P ∗t )

}]
= 0

∞∑
k=0

θkEt
[
Mt,t+kDt+k(P ∗t )

{
1− ε+ κ′t+k

(
Dt+k(P ∗t )

) ε
P ∗t

}]
= 0

∞∑
k=0

θkEt
[
Mt,t+kDt+k(P ∗t )

{
P ∗t −Mκ′t+k

(
Dt+k(P ∗t )

)}]
= 0

(Multiply P ∗t and devide by 1− ε)
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Optimal Price Setting without rigidities

With probability 1− θ, a firm is tapped by Calvo fairy in a given period. With probability θ, a firm

must use its previous price.

P ∗t = argmax
P

∞∑
k=0

θkEt
[
Mt,t+k

{
P ×Dt+k(P )− κt

(
Dt+k(P )

)} ]
where Mt,t+k = βk

(
Ct+k
Ct

)−γ
Pt
Pt+k

When θ = 0,

PMt = argmax
P

P ×Dt(P )− κt
(
Dt(P )

)
Dt(P

M
t ) + PMt D′t(P

M
t ) = κ′t

(
Dt(P

M
t )
)
D′t(P

M
t )

PMt =
( ε

ε− 1︸ ︷︷ ︸
=M

)
κ′t
(
Dt(P

M
t )
)

1

M =
κ′t
(
Dt(P

M
t )
)

PMt
(Real MC when θ = 0)

M is referred to as the desired or frictionless markup.
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Optimal Price Setting with Calvo Fairy and Log-linearization

Let Πt−1,t+k :=
Pt+k
Pt−1

. Then

∞∑
k=0

θkEt

[
βk
(
Ct+k
Ct

)−γ
Pt
Pt+k

Dt+k(P ∗t )
{
P ∗t −Mκ′t+k

(
Dt+k(P ∗t )

)}]
= 0

∞∑
k=0

(βθ)kEt

[(
Ct+k
Ct

)−γ
Pt
Pt+k

Dt+k(P ∗t )

{
P ∗t
Pt−1

−MK′t+k
(
Dt+k(P ∗t )

)
Πt−1,t+k

}]
= 0

In the zero inflation steady state, P ∗t = Pt−1, Πt−1,t+k = 1, P ∗t = Pt+k, Dt+k(P ∗t ) = D,
K′t+k

(
Dt+k(P ∗t )

)
= MC, and Ct+k = C. Accordingly, in the steady state, MC = 1

M .

∞∑
k=0

(βθ)
kEt

(Ct+k
Ct

)−γ Pt

Pt+k

Dt+k(P
∗
t )

P∗t
Pt−1

 =
∞∑
k=0

(βθ)
kEt

(Ct+k
Ct

)−γ Pt

Pt+k

Dt+k(P
∗
t )MK

′
t+k

(
Dt+k(P

∗
t )
)
Πt−1,t+k


Let m̂ct+k|t := − ln

(
1
M

)
. Log-linearize around the steady state, then

1

1− βθ [p∗t − pt−1] =
∞∑
k=0

(βθ)kEt
[
m̂ct+k|t + [pt+k − pt−1]

]
p∗t − pt−1 = µ+ (1− βθ)

∞∑
k=0

(βθ)kEt
[
mct+k|t + [pt+k − pt−1]

]
13 / 16



Aggregate Price Dynamics and Log-linearization

Let S(t) ⊂ [0, 1] represent the set of firms not reoptimizing their posted price in period t.

Pt =

[∫
S(t)

Pt−1(i)1−εdi+ (1− θ)P ∗t
1−ε

] 1
1−ε

=

[
θP 1−ε

t−1 + (1− θ)P ∗t
1−ε

] 1
1−ε

The distribution of prices among firms not adjusting in period t corresponds to the distribution of

effective prices in period t− 1, though with total mass reduced to θ. Divide both sides by Pt−1, then

Π1−ε
t = θ + (1− θ)

(
P ∗t
Pt−1

)1−ε

Log-linearize around zero inflation steady state, then

(1− ε)πt = (1− θ)(1− ε)(p∗t − pt−1)

πt = (1− θ)(p∗t − pt−1)
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