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Learning Objective

o Log-linearization around the steady state

o New Keynesian model



Log-linearization

)(15 - X (%) :Xeln(Xt/X) :XelnXt—lnX

Taking a first order Taylor approximation around the steady state yields
XelnXerInX o 0 | xe0 [(m X, —InX)— 0]
~X(14+InX;—1nX)

Therefore,
Xt ~ X(l + lnXt — IHX)

By the same logic,

XYixX(14+InX, —InX)Y(1+InY; —InY)

~XY(1+InX,—InX+InY; —InY)  (InX, —InX)(InY; —InY) ~ 0
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Household UMP
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Dixit Stiglitz Utility Function

1 -1 1
max (/ C(i) < di)
{C()}ielo,1) 0

FOCs are given by

s.t. /0 p(#)C(i)di < X

cil (/01 C(i)g‘ld")sll 6210(1)_% - (i) =0 Vje[0,1]

/01 PG)C(i)di = X



Dixit Stiglitz Utility Function

o= ([ ewza)” ( (? ©
Let P := (fol P(i)~ dz) . Then PC = X.
o xS (2



Household UMP

O\
I—y 1+¢

oo
t
max Eo E B
{Ct, Nt, By11}52, ~

s.t. PtCt + QtBt+1 = WtNt + Bt + Tt

1 e—1 ﬁ
Cy = </ Ct(@')TdZ‘)
0

where Ct(l’)z(%ﬁj))%ct and Pt:(/olpt(i)lfﬁdi) o

Ct_’y =P
_Ntd) = MWy
Qi = BE: [)\t+1]

—1

(FOC w.r.t. Cy)
(FOC w.rt. Ny)
(FOC w.r.t. Bt+1)
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Household UMP

Ny W

c; P

N——

MRSt

L Q: 1
C, "= =BE: |C; ——
t P, B t t+1Pt+1

wy — P = Png + ycy

1=F, |:e_P_'Y(Ct+1_Ct)_"t+1+it]

Q1
—lnﬁzln(%—l—i—l)z%—l:p

1 1
—In =In|——-14+1)~——-1=1
@ = )rg 1=

h’lPH_l — lnPt = Ah’lpt = Tt+1

(Consumption-Leisure)

(Euler equation)

(Nominal interest rate)

(Utility discount factor)

(Inflation rate)
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Log-linearization and IS Curve

1=E,; [e_p_'Y(Ct“_C")_M“-H‘} (9c,t+1 = ce41 — ct)

~E, [eo + €%iy — i) — %mey1 — 7] — e[(ctr1 — i) — gcl] (Approx. around SS)
1/. .
¢ = Eife1] — ; (zt — Ei[meq1] — p) (AtSS, p=i—7m—gc)
1/. . Gy
yr = E¢[yet1] — ; (zt — E¢[mea] — p) (in equilibrium)
n n 1 . n n
ye — Yt = Ee[yer1 —yia] — — (1t — E¢[meq1] — {p + YE: [y — yi }) (IS curve)
N—— N——— v
Yt =Tt+1 =r{
Q: R, — 1

Lt — —1nQ,—(InPy, —InP,
P, Pt+1 = Tt HQt (H t+1 n t)

=it Ti41

1/. . el .
ct = Ei[ees1] — ;(zt — E¢[meq1] — p) = re = p+ YE¢[yt+1 — Y] (in equilibrium)
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Firm

Production function of a monopolist for good i is given by
Yi(i) = ANy (i)'

Taking P, and C} as given, a monopolist for good i faces the following demand curve
P —€
Di(P)= | =
¢ (P) (Pt) Ct
Note here that
D,(P) - _
P D;(P) €
Taking W; as given, a monopolist for good i faces the following nominal cost of producing Yz (%)

we(Yili)) = Wi (Yt(z‘)>11a

Dt(P) 7_5

Dy(P) = —¢

Ay

Real cost is given by

Kt(xft(z‘))—m(“("))ll“ nd (i) = e L (YT

7\ A =P i-a




Optimal Price Setting with Calvo Fairy

With probability 1 — 8, a firm is tapped by Calvo fairy in a given period. With probability 6, a firm
must use its previous price.

> -
Pl =arg g ZekEt [Mt,t+k {P X Dy x(P) — k¢ (Dt+k(P))}] where M,y = B* (CHk) Pt
k=0

Cy Py
Let M := 5.
> 0'E: [Mt vk { Desk(PY) + P Dy (PF) = Kl (Dia(P)) Dl (P )}} =0
k=0
oo D} (PF) Dy (PY)
0"E {M Dy (P {1+P*M—H' Dyyr(P/ MHZO
kZ:O t t,t+k t+k( f,) t Dt-Hc(Pt*) t+k( H—k( f)) DH—I@(Pt*)
z&kEt |:Mt,t+th+k:(Pt*) {1 — e+ e (Den(P)) p€* }] =0
k=0 '

> O0"Ey [MyyikDiyr(P) {PF — Meg i (Derr(P7)) }] =
k=0

(Multiply P;* and devide by 1 — €)
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Optimal Price Setting without rigidities

With probability 1 — 6, a firm is tapped by Calvo fairy in a given period. With probability 6, a firm

must use its previous price.

. ZOO : Cire\ " P
Pt =arg mgx Hk’IEt |:Mt,t+k {P X Dt+k (P) — K¢ (Dt+k (P)) }] where Mt,t+k = ,Bk ( 5+k> P tk
k=0 t t+

When 6 = 0,
PM =arg max P x Dy(P) — k¢ (De(P))

e—1
——
’ D P]M
ﬁ:% (Real MC when 6 = 0)

M is referred to as the desired or frictionless markup.

12/16



Optimal Price Setting with Calvo Fairy and Log-linearization

Let Ht 1,t+k ° t+k . Then

Ze E.

> (BO)"E:

k=0

Cie\ " P
(ﬂ) Pt Dun(P) P —
t

Py, W4k =1, P = Piyy, Depp(PY)
K{ 1 (Desr(P)) = MC, and Cyyp, = C. Accordingly, in the steady state, MC =

MH;+I€ (Dt+k(Pt*))} =0

(CH—k ) - Pt Dt+k’(Pt*) { Pt* B MKerk (Dt+k(Pt*))Ht—1 t+k} =0
C, Pk P '

In the zero inflation steady state, P;" =

D,

1
=55

oS c - P P oS c -7 P,

> (86)*E, (M) 2 Dyq(PF) t = > BO*E, (Lk> ¢ Dyl (PEYMEK G4 (Dyy o (PENTT 1 44k
k=0 Cy Piig Pr_1 k=0 Cy Pk

Let ey ke := —In (7). Log-linearize around the steady state, then

oo

59[ —pi—1] = Z(B@)kEt [Wf”t\cwkn + [pe+s — pt—lH

k=0

pi —pi—1 = p+ (1 — B0) Zﬂe Et mct+k\t+[pt+k_pt 1]}
k=0
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Aggregate Price Dynamics and Log-linearization

Let S(¢) C [0, 1] represent the set of firms not reoptimizing their posted price in period ¢.

1
T—e

P,

Py (i) " di+ (1 - )P
S(t)

1
1—e

0P +(1—0)P ¢

The distribution of prices among firms not adjusting in period ¢ corresponds to the distribution of

effective prices in period ¢ — 1, though with total mass reduced to 0. Divide both sides by P;_;, then

* 1—e
ni*:9+(1—e)( Fi )

P
Log-linearize around zero inflation steady state, then
(L—e)m=(1-0)(1—e)(pi —pe-1)
m = (1-0)(p; — pe—1)
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